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Abstract 

Several algebro-geometric properties of commutative rings of partial differential opera- 
tors as well as several geometric constructions are investigated. In particular, we show how 
to associate a geometric data by a commutative ring of partial differential operators, and 
we investigate the properties of these geometric data. This construction is similar to the 
construction of a formal module of Baker- Akhieser functions. On the other hand, there is a 
recent generalization of Sato's theory which belongs to the third author of this paper. We 
compare both approaches to the commutative rings of partial differential operators in two 
variables. 

1 Introduction 

In this paper we study several algebraic-geometric properties of commutative rings of partial 
differential operators (PDO for short). 

The study of commutative subrings of rings of germs of linear partial differential operators 
is related to algebraic varieties and torsion free sheaves on such varieties. At the same time 
the study of commutative subrings is related to the theory of exactly solvable nonlinear partial 
differential equations. In dimension one (or for rings in one variable) we have a rich theory 
connected with famous equations such as KP (Kadomtsev-Petviashvili) , KdV (Korteveg-de- 
Vries), sin-Gordon, Toda, etc. (see for example [22], [15] and references therein). In dimensions 
greater than two the theory is far to be completed (for overview see e.g. [1] and references 
therein). 

We start with a construction of geometric data that corresponds to a commutative ring of 
PDO that satisfy certain conditions (see section [2|). This construction was partially mentioned 
already in the work [10] . The idea used in that paper lead to a construction of a free B A-modulc 
(module consisting of Baker-Akhieser functions — eigenfunctions of the ring of PDO) and was 
developed later by various authors (see e.g. [IB], p2], [I]) to construct explicit examples of 
commuting matrix rings PDO (cf. the work [26], where this construction is given in rank one 
case in terms of a family of Krichever sheaves) . 

After that we compare in details this construction and the construction given in [27] in the 
case of operators in two variables (see section [3|). For differential operators in two variables in [27] 
the following approach is offered. We consider a wider class of operators, namely, the operators 
from the completed ring D of differential operators (see [27} Sec. 2. 1.5]). The operators from this 
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ring contain all usual partial differential operators, and difference operators as well. They are 
also linear and act on the ring of germs of analytical functions. In the work [27] all commutative 
subrings in D satisfying certain mild conditions are classified in terms of Parshin's modified 
geometric data, which includes algebraic surfaces and torsion free sheaves on such surfaces. Note 
that such rings contain all subrings of partial differential operators in two variables considered in 
section 2 after an appropriate change of variables (cf. section 3.1 of |27j). The approach offered in 
[27] generalizes the approach of Sato in dimension one, and differs from the approach connected 
with the study of the Baker- Akhieser functions. As a result of the comparison of two approaches 
we come to a problem (see problem 13. ip which is important for the problem of classification of 
commutative rings of PDO. 

On the other hand, there is also a two- variable analogue of the KP-hierarchy which is also 
related to algebraic surfaces and torsion free sheaves on such surfaces as well as to a wider class 
of geometric data consisting of ribbons and torsion free sheaves on them (see [25] . [llj . [12] , 
[20] ). In section [33] we compare geometric data from [TT], [12] and from [27]. Namely, we show 
how the construction from [11] . |12] can be extended to associate with a geometric data from 
[27] a geometric data from [TT]. So, in particular, one can apply the theory of ribbons developed 
in [11] . [12] to study rings of PDO and their isospectral deformations. 

In section [3731 we introduce a notion of Cohen-Macaulaysation of a surface (cf. [3j sec. 3], [6]). 
Namely, we show that for given integral two-dimensional scheme X of finite type over a field 
k (or over the integers) there is a "minimal" Cohen-Macaulay scheme CM(X) and a finite 
morphism CM(X) — > X (and a finite morphism form the normalization of X to CM(X) ). 
This construction generalizes the known construction of normalisation of a scheme. In work [21] 
(see also [19]) Parshin introduced the analogue of the Krichever map which associate to each 
geometric data (a Cohen-Macaulay surface, an ample Cartier divisor, a smooth point and a 
vector bundle) a pair of subspaces in the two-dimensional local field associated with the flag 
(surface, divisor, point). He also shows that this map is injective on such data. In works |21j . 
[19] there was given also a combinatorial construction how to calculate cohomology groups of 
vector bundles in terms of these subspaces. Later this map was generalized in [TTJ for geometric 
data of ribbons. Using these results we show in section [3~4l that the image of the extended map 
applied to a ribbon constructed by geometric data from [27] coincides with the image of the 
Parshin map applied to the Cohen-Macaulaysation of this data. 

At last, we recall the construction of glueing closed subschemes and give several examples 
that could be useful in solving the problem 13.11 

Everywhere where we work over a field k we assume that k has characteristic zero. 

Acknowledgements. Part of this research was done at the Mathematisches Forschungsin- 
stitut Oberwolfach during a stay within the Research in Pairs Programme from January 23 till 
February 5, 2011. We would like to thank the MFO at Oberwolfach for the excellent working 
conditions. We are also grateful to Igor Burban and Andrey E. Mironov for many stimulating 
discussions and useful references. 

2 Several constructions 

Let's recall some facts about rings of partial differential operators satisfying certain mild condi- 
tions (as it usually assumed in works about algebraically integrable systems). 

2.1 Generalities 

Let R be a commutative k -algebra, where k is a field of characteristic zero. 

Then we have the filtered ring D(R) of k -linear differential operators and the R -module 
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Der(P) of derivations with the properties: 

D (R) C D X (R) C D 2 (R) C . . . ; D; L (R)Dj(R) C D l+j (R); Der(P) C £>i(P). 

The subspaces Di(R) are defined inductively as sub- R -bimodules of End&(P) . By defini- 
tion, A) (#) = End J? (i?) = P , and for % > 

D i+1 (R) = {P € End fc (P) | such that [P, /] € A(P) for all / € P}. 

Then we can form the graded ring 

oo 

gr(D(R))=@D i (R)/D i _ 1 (R), where D_ 1 (R) = 0, 

i=0 

and for P £ A(P) the principal symbol o~i(P) = P mod Dj_i(i?) . For P € A , Q € Aj we 
have that ai{P)aj{Q) = ai + j(PQ) and [P, Q] 6 A+j-i(P) • Hence gr(D(R)) is a commutative 
graded P -algebra with a Poisson bracket 

{(r i (P), - J -(g)} = ffi+i _ 1 ([P,Q]) 

with the usual properties. 

Definition 2.1. We denote the order function from D(R) to non-negative integers as 

ord(P) = inf{n | P G D n (R)}. 

2.2 Coordinates 

Definition 2.2. We say that R has a system of coordinates (xi, . . . , x n ) £ P n if the following 
two conditions are satisfied. 

1. The map 

Der fc (P)^P n : D (£»(xi), . . . , D(x n )) 

is bijective. 

2. H Ker(P) = k . 

DeBcv k (R) 

In this case there are uniquely defined di,...,d n £ Der^ (P) such that 

di{xj) = <%, Ker(di) n . . . n Ker(d n ) = k. 

Then Der(P) is a free R -module with generators d±,...,d n . Besides, we have [di,dj] = 0. 
One checks (by induction on the grade) that 

R[(i,...,^n]-gr(D(R)) by & ^ $ mod D (R) e gn{D{R)). 

Also for P G A(P) , Q G Aj(P) we have 

{o-i(P),o-j(Q)} = £ 9 -^p-d v {a j {Q)) - £ 9 -^P-dv{c- i {P)) (1) 
v=i ot;v v=i ot;v 

(where we have extended d v to P[£i, ... , £ n ] by d v (£i) = ). 

A typical example of a ring with a coordinate system is the ring k[x±, . . . , x n ] or k[[xi, . . . , x n ]] , 
where in the last case we have to restrict ourself to the ring of continuous differential operators 
and to the space of continuous derivations with respect to the usual topology on fc[[xi, . . . , x n ]] 
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given by the maximal ideal. The ring . . . , x n ]] will be important for the main part of the 

article. 

If (yi, . . . ,y n ) G R n is another coordinate system, we get a new basis (d[, . . . ,d' n ) of 
Derfc (R) . Hence the change of generators is given by the matrix 



/ di(yi) ... <9„(yi) \ 
#1(2/2) ■■■ d n {y 2 ) 



M, 



\ di{y n ) ... d n (y n ) j 
as (d[,...,d' n )M = (d ll ...,d n ), {&,...,&)M = •.,&)■ 



2.3 Characteristic scheme 

If J C D is a right ideal, then we obtain a homogeneous ideal (<7i(P), P G J) in gr(D) and a 
subscheme defined by this ideal either in Spec(gr(D)) or in Proj(gr(D)) . Both are called the 
characteristic subscheme Ch(J) . We consider the characteristic subscheme in Proj(<7r(D)) . 
If we have and fix a coordinate system, then we obtain 

Proj( 5 r(D)) = Proj (#[£!,...,£„]) = Spec(fl) x k F n k ~\ 

Consider the case of the ideal J = PD , where P is an operator with ord(P) = m . If o~ m (P) G 
fc[£i, • • • , £ n ] j then we say that £/ie principal symbol is constant. In this case the characteristic 
scheme is essentially given by the divisor of zeros of a m {P) in P^ 1 , we call it Cho(P) . It is 
unchanged by a /c -linear change of coordinates. 

Lemma 2.1. If Pi, ... P n are operators with constant principal symbols (with respect to a coor- 
dinate system (x\, . . . , x n ) ) and if det(do~(Pi)/d£j) ^ , then any operator Q with [Pi, Q] = , 
i = 1, ... ,n has also a constant principal symbol. 

Proof. Let rxii = ord(.Pj) and m = ord(Q) . From equality ([1]) we have 

= {a mj (P i ),a m (Q)} =f^ da ™j Pi) d v (a m {Q))- 

for i = 1, . . . ,n . Since det(9cr m . (Pi)/d£j) € k[^±,.. . ,£ n ] is not zero, we infer that dj(a m (Q)) = 
for j = 1, . . . n . Hence Q has constant principal symbol with respect to (xi, . . . , x n ) . □ 

For any subring F C D we define a filtration on F which is induced by filtration of D : 

oo 

F n = F fl D n = {/ G F | ord(/) < n} . We define the ring gr(F) = F n /F n -i . 

n=l 



2.4 Geometric properties of commutative rings PDO 

For the next theorem we recall some facts from algebraic geometry. For any n -dimensional 
irreducible projective variety X over the field k , and any Cartier divisors E\, . . . , E n £ Div(X) 
on X one defines the intersection index {E\ ■ . . . -E n ) G Z on X (see, e.g., [8], [13j ch. 1.1].) Let 
(E n ) = (E ■ . . . ■ E) be the self- intersection index of a Cartier divisor E G Div(X) on X , and J- 
be a coherent sheaf on X . There is the asymptotic Riemann-Roch theorem (see survey in |13^ 
ch. 1.1. D]) which says that the Euler characteristic x{X,J- ®o x ®x( m E)) is a polynomial of 
degree < n in m , with 

X (X, T ® Qx OximE)) = rk(T-) • ^ • m n + O^"" 1 ), (2) 
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where rk is the rank of sheaf. 

There is the cycle map: Z : Div(X) — > WDiv(X) from the Cartier divisors to the Weil 
divisors on X (see appendix|4]). From the above description it follows that if E\,E2 £ Div(X) 
such that Z(£'i) = Z(i?2) , then the self-intersection indices (E™) = (Elf) on X . Indeed, in 
appendix U] one calculates the group Ker(Z) . Hence we have that 0^{tt*Ei) = 0-^(ir*E2) , 
where ir : X — > X is the normalization of X . Therefore it is enough to prove that the self- 
intersection index (E n ) on X is equal to the self-intersection index (ir*E n ) on X for any 
E G Div(X) . But it follows from formula ([2]) and the following exact sequence of coherent 
sheaves on X for any m € Z 

— > O x {mE) — > n*Oxtm<K*E) — ► (vr.O^/Cx) ®o x O x {mE) — > 0, 

since rk(7r*C^/0x) = on X . 

The cycle map Z restricted to the semigroup of effective Cartier divisors Div + (X) is an 
injective map to the semigroup of effective Weil divisors WDiv + (X) . We will say that an 
effective Weil divisor C on X is a Q -Cartier divisor on X if IC & Im (Z |rjiv+(x)) f° r some 
integer I > . 

Definition 2.3. Let C be a Q -Cartier divisor on X . We define the self-intersection index 
{C n ) on X as 

(C n ) = (G n )/l n , (3) 
where G = IC is a Cartier divisor for some integer / > . 

We note that if I > is minimal such that IC is a Cartier divisor, then for any other V > 
with the property I'C is a Cartier divisor we have that I \ I' . Therefore, using above reasonings 
and the property (E™) = m n (£ , 2 ) for any E± = mE<i , E2 € Div(X) , m € Z we obtain that 
formula ([3]) does not depend on the choice of appropriate I . 

Theorem 2.1. Let Pi,...,P n € D = k[[xi, . . . ,x n ]][di, . . . ,d n ] be any commuting operators 
of positive order. Let B be any commutative k -subalgebra in D which contains the operators 
P±, . . . , P n . Assume that the intersection of the characteristic divisors of P\, . . . , P n is empty. 

Then the map from gr(D) to gr(D) / x\gr(D) + ... + x n gr{D) = k[£i, £ n ] induces an 
embedding on gr(B) and we also have the following properties. 

1. fc[£i, . . . , £ n ] is finitely generated as gr(-B) -module. 

2. The rings B and gr B are finitely generated integral k -algebras of Krull dimension n. 

3. The affine variety U = Spec B over k can be naturally completed to an n -dimensional 
irreducible projective variety X with boundary C which is an integral Weil divisor not 
contained in the singular locus of X . Moreover, C is an unirational and ample Q - Cartier 
divisor. 

4- The B -module L = D/x\D + . . . + x n D , which defines a coherent sheaf on U , can be 
naturally extended to a torsion free coherent sheaf C on X . Moreover, the self-intersection 
index (C n ) on X is equal to l/rk(£) . 

Remark 2.1. The items 1 and partially item 2 follow from [21 Ch.III, §2.9, Prop. 10]. The 
item 2 was proved in [10] by Krichever in connection with integrable systems. We give here an 
alternative proof in the spirit of pure commutative algebra. 

The sheaf C is a Krichever sheaf in the sense of introduction] . It is in some sense similar 
to the sheaf from family of Krichever sheaves (or Baker- Akhieser modules) , confer |26] . 
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Remark 2.2. The sheaf C determines the bundle of eigenfunctions of operators of B on an 
open part of X as follows (we assume k is algebraically closed). For U = Spec(-B) the points 
p € U (k) correspond one to one to the characters Xp °f the k -algebra B (i.e. k -algebra 
morphisms \ : B — > k given by maximal ideals of the ring B ) . To the coherent sheaf C we 
have the associated affine scheme Spec(£) together with the morphism tt : Spec(£) — > X , see 
[9l ex. 5. 17, ch. II] (we'll call it the associated bundle, it is really a vector bundle over an open 
part of X , where C is locally free). Recall that this scheme is constructed by glueing schemes 
Spec(Sym(C(V))) for open affine sets V . In particular, for p € U we have 

Ti~ l (p) = Rom k (C(p),k) = Rom B (L,k(p)) 

(here C(p) is the fiber of the coherent sheaf C at the point p, i.e. C(p) = C p ®o x k(p)). 
These spaces are naturally isomorphic to the spaces 

V( Xp ) ={f€R, P(f) = X P (P)f for all P € B } 

as follows: 

(i) we have R ~ Hom/^L, k) (as vector spaces) by 

f^X f , Xf(P) = P(f)(0) 

A ^ fx = -Md V )* V 

v 

with v = (vi, . . . , v n ) G N n , v\ = Vl \v 2 \ ...v n \ and 8° = . . . , x v = x^ 1 . . . x v n n . 

(ii) fixing a point p £ U(k) , the field k = k(p) gets a B -module structure, and the 
isomorphism (i) gives 

V(x P ) ^ Horns (L, k{p)) C Hom fc (L, k). 

Thus, the bundle Spec(£)|C7 is the bundle of eigenfunctions of B , and we can consider X , 
Spec(£) as prolongation of the spectrum and of the bundle of eigenfunctions to infinity. 

Proof. We prove items 1 and 2 . Let rrij = ord(Pj) . Denote by a' m . (Pi) the images of a mi (Pi) 
in . . . , £ n ] . Now (a' mi (Pi), . . . ,a' mn (P n )) : A n — > A n is a finite morphism by Hilbert's 

Nullstellensatz, since the system of equations o~' mi (P{) = 0, . . . ,a' mn (P n ) = defines only the 
zero point in A n because of our assumption. In particular, det(da' m . (Pi)/d£j) ^ (via the 
interpretation as the map on the tangent space) and therefore the matrix (do mi (Pj) j d£j) is 
invertible over the ring k[[x\, . . . , x n ]]((^f 1 )) . . . ((C^ 1 )) • 

Let's show that for any element Q € B the image cr ord(Q)( ( 5) °^ a ord(Q)(Q) m • • • >£n] 
is not zero, i.e. gr(B) is embedded in . .. ,£ n ] and L is a torsion free B -module. Assume 
the converse, and let N > be the minimal value of the discrete valuation with respect to the 
maximal ideal in k[[xi, . . . ,x n ]] on the coefficients of cr ord (Q) (Q) £ k[[xi, . . . } x n ]][£l, ■ ■ ■ >£n] ■ 
Since [Pi, Q] = for i = 1, . . . , n , the equality {a mi (Pi), c or d(Q)(Q)} = holds. On the other 
hand, from equality (pQ) we have 

( cr ord(Q)(<5)) m od (xi, . . . 

v=l 

Thus, we must have that d v (a or MQ\(Q)) = mod (x\, . . . ,x n ) for all v, because the 
matrix (da mi (Pi) / d£j) is invertible also over the ring T((^f 1 )) . . . ((^~ 1 )) , where T = 
k[[x%, . . . , x n ]]/(xi, . . . , x n ) N . We obtained a contradiction, since N was chosen minimal. 
Now we have 

fc[</ mi (Pi), • • • , v'mSPn)] C gr(B) C kfa, ■ ■ -,U (4) 
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But k[£i,...,£ n ] is finitely generated as k[a' mi (Pi), . . . , o-' mn (P n )] -module. Hence B = k , and 
the k -algebra gri? is a finitely generated k -algebra of Krull dimension n . Besides, fc[£i, . . . , £ n ] 
is finitely generated as gr B -module. From @ it follows that gr B is a ring without zero divisors. 
Hence the ring B itself is without zero divisors. 

It will be useful to introduce the analog of the Rees ring B constructed by the filtration on 

the ring B : B = (J) B n s n . The ring B is a subring of the polynomial ring B[s] . For the fields 

n=0 

of fractions we have Quoti? = Quoti?[s] . Besides, gr B = B/(s) . Let the A; -algebra gr(-B) be 
generated by elements a mi (bi) , i = 1, . . . ,p as k -algebra, where ord(6j) = rrii.lt is easy to 
check that the k -algebra B is generated by the elements 6j , i = 1, . . . ,p as k -algebra, and 
the k -algebra B is generated by the elements s, bis mi , . . . , b r s mp as A; -algebra. Hence we can 
compute the Krull dimension of the ring B : 

dimB = trdeg Quoti? = trdeg Quoti? — 1 = trdeg Quot(I?/(s)) = trdeg Quot(gr B) = n, (5) 

since (s) is a prime ideal of height 1 in the ring B by KrulPs height theorem. 

We prove now item 3 . The ideal / = ® B n _is n = (s) is a homogeneous ideal in the ring 

n=l 

B , because this ideal is generated by the homogeneous element s £ B. Besides, / is a prime 
ideal, since B/I = gr B is a ring without zero divisors. 

We introduce the schemes X = Proj B and C = Proj B/I = Proj gr(-B) . Since B and 
gr(i?) are integral k -algebras, X and C are integral schemes. Therefore, using (J5]), we have 
that the homogeneous prime ideal / defines an irreducible subscheme C of codimension 1 on 
X . Moreover, X \ C = Spec B^ = Speci? is an affine variety. (Here B^ is the subring of 
degree zero elements in the localization B s of the ring B by the multiplicative system s n , 
neZ). 

For any n > we denote the homogeneous component B n = B n s n C B . Since B is a 
finitely generated A; -algebra with Bq = k , by [21 Ch.III, § 1.3, prop. 3] there exists an integer 

d > 1 such that the A; -algebra B^ = B^d is finitely generated by elements from B[ as 

k=0 

a A; -algebra. (Here = Bd , and dim^ B^ < 00 by formula ([4]).) Therefore the scheme 

Proj J§W ^ Proj Sym k (B[ d) ) ~ Pf is a projective scheme over k which is an irreducible 
variety. 

Let us show that dC is a very ample effective Cartier divisor on X . We consider the 
subscheme C in X which is defined by the homogeneous ideal I d = (s d ) of the ring B . The 
topological space of the subscheme C coincides with the topological space of the subscheme C 
(as it can be seen on an affine covering of X ). We denote 

6 = min {ord(/) - ord(g) | f,g G B, ord(/) > ord(g)} = gcd {n \ B n /B n _i ^ 0, n > 1}. 

Then the function — ord jb : (Quoti?)* — > Z is a surjective function which defines the discrete 
valuation on the field Quot B . The local ring Ox,c coincides with the valuation ring of this 
discrete valuation: 

Ox,c = B{i) = {as n /bs n I n > 0,a G B n , b G B n \ B n ^}. 

The ideal / induces the maximal ideal in the ring Ox,c > an d the ideal I d induces the d-th 
power of the maximal ideal. Therefore, if we will prove that the ideal I d defines an effective 
Cartier divisor on X , then the cycle map on this divisor is equal to dC (see appendix i.e. 
C is a Q -Cartier divisor. By [5| prop. 2.4.7] we have X = Proj B ~ Proj B^ d ' . Under this 
isomorphism the subscheme C is defined by the homogeneous ideal I d nB^ in the ring B^ . 
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This ideal is generated by the element s d G . The open affine subsets D + (xi) = Spec B^^ 

with Xi € i?{ define a covering of Proj f?M) . In every ring B^\ the ideal (I d DB^) (Xi) is 

generated by the element s d /xi . Therefore the homogeneous ideal I d DB^ defines an effective 
Cartier divisor. 

At last, the Cartier divisor dC is a very ample divisor, because C is a hyperplane sec- 
tion in the embedding X = Proj B^ ^-s> Proj Sym k (B[ d ^) ~ . Besides, by item 1, 
■ • • £n] 3 grB, and . . . £ n ] is a finite gr(S) -module. Hence the divisor C = Proj gr(B) 
is an unirational variety. 

Since Ox,c is a regular local ring, the divisor C is not contained in the singular locus of X . 

We prove now item 4 . Let's define the sheaf C . Consider the right D -module 

L = D/ixxD + . . . + x n D) 

with filtration L n = (D n + x\D + . . . + x n D) / (x\D + . . . + x n D) . Then we have L n B r C L T+n . 
We consider another right D -module • • • ,£n] with the action of D given (generated) 

as: 

f°dj = ftj , goxi = -— 

for any 1 < i, j < n , /, g G . . . , £ n ] . It is easy to check that the maps 

o£N n a 

where a a £ k , p a E k[[x\, . . . , x n ]] , £ Q = . . . , d a = . . . d" n , are isomorphisms of 
the corresponding D -modules (and hence B -modules). The filtration on k[£i, . . . , £ n ] is the 
degree filtration of the polynomials. Therefore we have that for any integer m > 

{m + n\ (m + 1) • . . . • (m + n) 

dim fe L m = = j . (6) 

\ n J nl 

oo 

Moreover, gr(L) = I n /in-i = k[£\, . . . , £„] is a finitely generated gr(J3) -module (see 

n=l 

item[T]). Now we have by induction on the degree of filtration that if elements a mi (t?i), . . . , a ms (v q ) 
(where Vi G L mi , a mi (uj) = «j mod , « = 1, • • • , Q ) generate gr(L) as a gr(B) -module, 

oo 

then elements v\,...,v q generate L as B -module. Hence we obtain that L= (J) L m s m is a 

finitely generated torsion free graded B -module which is generated by elements v \s mi , . . . , v q s mq 
over the ring B . Therefore C = Proj L is a torsion free coherent shea£] on X (see [5j 
prop. 2.7.3]). Besides, the graded gr B -module grL defines the torsion free coherent sheaf 
over C = Proj gr B , and the B = Br s ) -module L = Lr s ^ defines the torsion free coherent sheaf 
over X \ C = Spec B . 

°° 

We have X = Proj B^ . Under this isomorphism the graded B^ -module = (J) 

fc=o 

(where L^d = Lkd,s kd ) gives the coherent sheaf C as Proj . We have proved that C = dC 
is a very ample Cartier divisor on the projective variety X . Therefore, by [91 ch. Ill, th. 5.2], 

H*(X, C ®o x O x {mC')) = for i > and m > 0. 



1 Here and later in the article we use the non-standard notation Proj for the quasi-coherent sheaf associated 
with a graded module. If M is a filtered module, then we use the notation M — (J) IvUs 1 for the analog of the 

i=0 

Rees module, as well as for filtered rings. 
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Also, by ch. II, exerc. 5.9(b)], H (X,£® Ox O x (mC')) = L md for m > 0. Hence and from 
formula ([6]) we obtain 

, „ ,„ / (md + 1) • . . . • (md + n) 
X {X,C®o x O x {mC')) = ± ' - y '- for m > 0. 

From formula ([2} we have that the self- intersection index (C' n ) = d n / rk(£) on X . Hence, the 
self-intersection index (C n ) = 1/ rk(£) on X . □ 



3 Operators in two variables 

In this section we deduce several properties of the geometric data which classify the subrings 
in D and establish a connection of these data with geometric data consisting of ribbons and 
torsion free sheaves introduced in [llj.[12j. 

3.1 Category of geometric data 

We recall that the ring k[[u, t]] has a natural linear topology, where the base of neighbourhoods 
of zero is generated by the powers of the maximal ideal of this ring. 

On the two-dimensional local field k((u))((t)) we will consider the following discrete valua- 
tion of rank two v : fc((u))((t))* ->Z®Z: 

u(f) = (m,l) iff / = t l u m f , where f Q e k[[u]}* + tk((u))[[t]}. 

(Here k [[u]]* means the set of invertible elements in the ring k[[u]] .) 
We recall several definitions and results from [27] . 

Definition 3.1. We call (X, C, P, P, tt, (ft) a geometric data of rank r if it consists of the 
following data: 

1. X is a reduced irreducible projective algebraic surface defined over a field k ; 

2. C is a reduced irreducible ample Q-Cartier divisor on X ; 

3. P € C is a closed /c -point, which is regular on C and on X ; 
4. 

vr : Op — ► k[[u,t]] 

is a ring homomorphism such that the image of the maximal ideal of the ring Op lies 
in the maximal ideal (it, t) of the ring fe[[ti,i]] , and v(ir(f)) = (0, r) , v(jt(g)) = (1,0) , 
where / € Op is a local equation of the curve C in a neighbourhood of P (since P is 
a regular point, the ideal sheaf of C at P is generated by one element), and g € Op 
restricted to C is a local equation of the point P on C (Thus, g, f are generators of the 
maximal ideal A4p in Op). 

Once for all, we choose parameters u,t and fix them (note that k[[u, t]} is a free Op- 
module of rank r ) . 

5. P is a torsion free quasi-coherent sheaf on X . 

6. (j) : Tp k[[u, t]] is a Op -module embedding such that the homomorphisms 

H°{X,P{nC')) -> fc[M]]/(M) ndr+1 
obtained as compositions of natural homomorphisms 

fnd J. 

H°(X,P{nC')) J-(nC')p ~ 7> A jfe[[«,*]] -> k[[u,t]]/(u,t) ndr+1 , 
where C = dC is a very ample divisor, are isomorphisms for any n > . 
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Two geometric data (X, C, P, T, i^x,<j>\) and (X, C, P, F, 712, <fe) are identified if the images of 
the embeddings (obtained by means of multiplication to f nd as above) 



H°(X,T(nC')) ^T P h k[[u,t]], H (X,O(nC')) ^ 6 P 4 k[[u,t]] 



and 



H°(X,T(nC')) ^T P H k[[u,t]], H (X,O(nC')) ^ 3 P ^ k[[u,t]] 
coincide for any n > . The set of all quintets of rank r is denoted by Q r . 

Remark 3.1. We would like to emphasize that the rank r of the geometric data in general 
differs from the rank of the sheaf J- , see remark 13.31 

If JFp is a free Op -module of rank r, then <j) induces an isomorphism Tp — k[[u, t]] of 
Op -modules. This condition is satisfied if J 7 is a coherent sheaf of rank r, see corollary 13.11 
below. 

Definition 3.2. We define a category Q of geometric data as follows: 
1. The set of objects is defined by 

Ob{Q) = |J Q r . 



2. A morphism 



(/3,V0 : (X 1 ,C 1 ,P 1 ,T 1 ,TT 1 , ( j> 1 ] 



of two objects consists of a morphism /3 : X\ 
ip : T2 fi*T\ of sheaves on X2 such that: 



(X 2 ,C 2 ,P2, -^2,^2,^2) 

X2 of surfaces and a homomorphism 



(a) f3\c 1 ■ C\ — > C2 is a morphism of curves; 
(b) 

(3(Pi) = Pi- 

(c) There exists a continuous ring isomorphism h : k[[u,t]] — > /c[[ti,t]] such that 
h(u)=u mod (u 2 ) + (t), h(t) = t mod (ut) + (t 2 ), 
and the following commutative diagram holds: 



MM]] 



MM]] 



7T1 
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(d) Let's denote by (3*(4>i) a composition of morphisms of Op 2 -modules 

/3*Oi) : /3*J"ip 2 J r i Pl fe[[tt,t]]. 

There is a A; [ [it, t]] -module isomorphism £ : &[[«,£]] — h*(k[[u, t]]) such that the 
following commutative diagram of morphisms of Op 2 -modules holds: 



^2P 2 



k[[u,t]} 



-> f3*Tip 2 

MM 

■+ h*(k[[u,t]]) = MM]] 
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Theorem 3.1. \27\ th.3.4] There is a one to one correspondence between the set of classes of 
equivalent 1 -quasi elliptic strongly admissible rings (see definitions 2.18, 3.4, 2.11 in [21]) and 
the set of isomorphism classes of geometric data M. (see definitions \3. 1\ HO)) . 

Definition 3.3. (cf. [271 Def.3.15]) Given a geometric data (X,C,P,J-,tt,4>) we define a pair 
of subspaces 

W,Ack[[u]]((t)) 

as follows: 

Let f d be a local generator of the ideal Ox(—C')p , where C = dC is a very ample Cartier 
divisor (cf. definition 13.11 item[6|). Then u(K(f d )) = (0, r d ) in the ring k[[u, t]] and therefore 
' K {f d )~ l £ MMK(*)) • So, we have natural embeddings for any n > 

H°(X,T(nC')) ^ T(nC') P ~ r nd (T P ) ^ k[[u]]((t)), 

where the last embedding is the embedding f~ nd Tp f~ nd k[[u, t]]^->k[[u]]((t)) (cf. definition 
13. H item [6]). Hence we have the embedding 

Xi : H°(X\C,T) ~ \\^H\X,F(nC')) ^ k[[u]]((t)). 

n>0 

We define W d = xi(H°(X\C,T)) . Analogously the embedding H (X\C,O) ^ k[[u]]((t)) is 
defined (and we'll denote it also by X i )• We define A d = X i{H°(X\C, O)) . 

As it follows from the definition, A C k[[u']]((t')) = k[[u]]((t r )) , where t' = ir(f) , n' = 
•^(5) (cf. definition 13. H itemH]). Thus, on A there is a filtration ^4 n induced by the filtration 
t'- n k[[u']}[[t'}] on the space k[[u']]((t')) : 

A n = A n t'- n k[[u']][[t'}] = A n t- nr k[[u}} [it]} 

We have X ~ Proj(j4) , where A = AiS™ (cf. [23 lemma 3.3, th.3.3]). The similar filtration 

n=0 

is defined on the space W C MMKW) : 

w n = wnt~ nr k[[u]][[t]\ 

oo 

And the sheaf T ~ Proj(W) , where = W n s n . Note that we have W nd ~ i?°(A, F(nC')) 

n=0 

by definition 13. 1 j. item 6 and by construction of the map xi ■ 
3.2 Algebro-geometric properties of geometric data 

Recall that rings of commuting partial differential operators with constant higher symbols give 
examples of 1 -quasi elliptic strongly admissible rings after appropriate change of variables (see 
section 3.1 and lemma 2.6 in |27j). Below we give several properties of surfaces and sheaves from 
geometric data in definition 13.11 

Theorem 3.2. Let X , C be a surface and a divisor from geometric data in definition I3.il 
Then X is Cohen- Macaulay outside a finite set of points disjunct from C . 

Proof. If we have a geometric data from definition 13.11 we can define a ring A C MM] ((£')) 
(see definition 13.31 above or [271 def.3.15], (27J th.3.3]), a filtration A^ defined by the discrete 
valuation v t > on the field k((u'))((t')) : 

Ai = {a <G A | v t i(a) > -i}, i > 
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which satisfy the following property: Ad% — H°(X, Ox(idC)) for all i > , where d is a minimal 
natural number such that dC is a very ample Cartier divisor. So, X ~ Proj ~ Proj ^4 , 

where ^4 = (J) , and C is defined by the homogeneous ideal I = A(—l) = (s) in the ring 

i=0 

A . We note that the ring A is finitely generated over k , since the ring A^ = (|) A d iS dl is 

i=0 

finitely generated over A; as a graded ring which is equivalent to the homogeneous coordinate 

00 

ring of the projective surface X , and the modules A^ d ^ = Adi+is d%+l , < I < d are 

i=0 

naturally isomorphic to the ideals in Ay^ , which are finitely generated. The curve C is covered 
by all affine subsets SpecA^) , where Xi G Ad , u t >(xi) = —d. (The ring Ar x A is the subring of 
homogeneous elements in the localization ring of A with respect to the multiplicatively closed 
system {x™} meZ .) 

First let's show that each point on the curve C is Cohen-Macaulay on X . It is enough 
to show that the ideal (s d /xi) in the ring A( x a is I( Xi ) -primary for all x% with the above 
properties. (The element s d /xi is non-zero divisor in the ring Ar x .j • Therefore to prove the 
Cohen-Macaulay property it is enough to find a non-invertible non-zero divisor in the ring 
A( Xi )/{s d l x i) ■ But all zero-divisors in the last ring coincide with I x J(s d jxi) if (s d /xi) is a 
I( X A -primary ideal, and all these zero-divisors are nilpotent. Then by [TJ prop. 4.7] and by 
Krull's theorem hti^.) = 1 . Thus, dim A^ x a /I( Xi ) = 1 and there exist non-invertible non-zero 
divisors). Assume that elements as dk /x k and bs dl /x\ are from A( Xi ) , but not from the ideal 
(s d /xi) , and 

as dk bs dl cs ( k + l - l ) d s d ( s d , 

— G — C L. 



x k ' x\ ,■>;■' 1 'xi \xj - 

We must show that as dk / 'x k ,bs dl / 'x\ G Ir x .\ . Since Ir x ,\ is a prime ideal, without loss of gen- 
erality we can assume that the element g = as dk /x k G I/ Xi \ . Note that any element y G Ir Xi ) 
satisfies the property Vt'(y) > 0. Then we have u%i{a) = —kd + j, where < j < d, because 
g G If x .) and g ^ (s d /xi) (if j >d, then u t >(a) < (k — l)d and therefore a G A^ k _i^ d C A^d , 
thus as dk = (as d ( k ~ 1 >)s d and as dk /x k G (s d /xi) , a contradiction). Then we have 

d _a d s kd2 -i d a* /s d 

5 " '~ ; U 



and a d s kd2 -i d /x kd - j I {x . )} because u 1f {a d /a^ i ) 



If gi = bs dl /x\ £ L x ) , then we obtain 



„d „kd 2 — jd 
„d a S d T 

9i kd-j " Hm)- 
x- 



But on the other hand, 



n d„kd 2 —jd „i „d a (k+l—l)d 2 a d?—dj 

d d i d 
kd-j 01 = 5 pf #1 = ' ^d-j 



Si ^ x\ ' x i 



a contradiction. Thus, g\ G , and therefore (s d /xi) is a i^) -primary ideal. 

Now let V denote an open subscheme in X , such that P G V ( P is a smooth point from 
definition 13. ip and V is normal (hence, Cohen-Macaulay). Then X\V is a closed subscheme 
with each irreducible component of dimension not greater than one. Let E be an irreducible 
component of dimension one. Let e denote the prime ideal of E in the ring A (the generic point 
of E belongs to the affine set X\C = Specvl ). Take an element a G e . Making an appropriate 
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localization by a multiplicatively closed subset S C A , using [TJ prop. 4.9.], we come to a ring 
As , where the primary decomposition of (a)s does not contain associated embedded ideals. So, 
all points on Spec As D E are Cohen-Macaulay. Therefore, there can be only finite number of 
not Cohen-Macaulay points on X . Since all points on C are Cohen-Macaulay, we can find an 
open U D C such that U is a Cohen-Macaulay scheme. □ 

Corollary 3.1. Let J- be a sheaf from geometric data of rank r in definition \3.1\ If J 7 is 

a coherent sheaf, then it is Cohen-Macaulay along the curve C . In particular, Tp is a free 
Op -module. 

Proof. Since the sheaf T is torsion free, then dining = dim(C?Q /Ann (Tq)) = 2 for any point 
Q G C . So, we have to show that depth Tq = 2 . 

In the proof of theorem 13.21 we have shown that for any Q £ C there is a regular sequence 
in Ox,q coming from the sequence s d / Xi,bs dl / x\ from ^4( Xi ) for some i , where bs dl /x\ ^ Ir x .\ 
or, equivalently, v t i(b) = —dl . Let's show that this sequence is regular also for Tq . 

As we have already remind in definition 13.31 3~ — Proj(W) . So, it is enough to prove that 
the element bs dl jx\ is not a zero divisor in the module Wr x A / (s d /xi)Wr Xi \ • Let g = as dk jx\ S 
W( x a be an element such that g £ (s /xi)W^ x .^ . Note that this is equivalent to the condition 
vt{o) = —dkr + j , where < j < dr (see analogous arguments in the proof of theorem). But 
then vt(ab) = —d(k + l)r + j , whence by the same reason 

as dk hs di f s d\ „ 

Xf X\ \Xi) y 11 

Thus, 6s jx\ is not a zero divisor and depth Tq = 2 for any Q € C . 

The last assertion follows from [14^ ch. 6, § 16, exer. 4], because P is a regular point. □ 

In view of theorem 12.11 it is important to compare the sheaf L there (which is an analogue 
of the Baker- Akhieser module) with the sheaf T appearing in the definition 13.11 The following 
proposition gives a criterion answering the question when the sheaf T from geometric data of 
rank r is a coherent sheaf of rank r on X . 

Proposition 3.1. Let (X,C,P,T,Tr,(f)) be a geometric data of rank r from definition \3.1l The 
sheaf T is coherent of rank r on X if and only if the self-intersection index (C 2 ) = r on X . 

Proof. As we have already remind in the proof of theorem 13.21 (cf . [27] and definition 13. 3p , there 
are subspaces A, W such that X ~ Proj(^4) , T ~ Proj(VF) . So, if the sheaf T is coherent 
of rank r , then we have by ch.II, ex. 5.9] H°(X,T{nC')) ~ W nd ~ k[u,t]/(u,t) ndr+1 for 
n S> . So, as in the proof of theorem 12. 1( item 4 we obtain 

(ndr + 1) ■ (ndr + 2) , 
x(X,T(nC')) = '— for n>0 

Zj 

and from formula ([2]) it follows C 2 = r . 

Conversely, let the self-intersection index (C 2 ) = r on X . Let C = dC be a very ample 
Cartier divisor. Then for any coherent sheaf T' the coefficient at the degree n 2 of the polynomial 
x(X,T'(nC')) is equal to d 2 (rkJ r/ )r/2 (see formula ©). Consider the sheaf T' = Proj(W"') , 
where W is a graded ^4-submodule in W generated by elements from W n for sufficiently 
big n. Note that rkT' > r. Indeed, there are elements w±, . . . , w r in W n with vt(w\) = 
— 1, . . . , vt{w r ) = — r (because for n = md , m > , by definitions 13.11 and 13.31 we have W m d ~ 
H°{X,T{mC')) ~ k[[u,t]]/{u,t) mdr+1 and W md = f- md H°{X, T{mC')) , where the space is 
considered as a subspace in /c[[ti,i]] through the embedding from definition 13. 1| item 6) and 
therefore they are linearly independent over A . So, there is an embedding A® r W' and 
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since Proj is an exact functor (see [U prop. 2.5.4]), we obtain an embedding 0^ r Proj(W^') , 
hence rkJ 7 ' > r . The same arguments show that the sheaf T'\c = Proj(gr W) on C has rank 
greater or equal to r . 

On the other hand, for big n we have 

X {X,jF'{nC')) = dmi k W' nd < dim fc k[u, t]/(u, t) ndr+ \ 

since W nd C W n d — k[u,t]/(u,t) ndr+1 by definition 13.31 So, the coefficient at the degree n 2 of 
the polynomial x(-X", J-'(nC')) is less or equal than d 2 r 2 /2 . Hence, rk T' = r and rk T'\c = v ■ 
Then we also have x(C, F'\ c {nC')) = r 2 d 2 n + c(F) , where c(T') G Z . 

Now consider two such coherent sheaves J-[ C C J- . Then on C we have the exact 
sequences 

-> A{nC) -4 Jt|c(nC) -4 J^| c (nC") -4 B(nC") -4 
for all n , where A and 1? are coherent sheaves with finite support. Hence, we have 

H l (C,T[\c(nC')) = H 1 (C, (T[/A)\ c (nC)), 

and for all n » such that fl^C, (Jj/A)| c (raC")) = we have fl^C, J^|c;(nC")) = . Let's 
fix such tlq . Note that this number depends only on F[ , not on J-' 2 . 

So, for all n > no and for all coherent sheaves T 2 D F[ we have i^ 1 (C, F' 2 \c{nC')) = 0. 
Take some q > uq and consider the sheaf T 2 = Proj (TV') , where W' is a graded j4-submodule 
in W generated by elements from W„ d . Then we have 

X (C,^\c(qC')) = dimH (C,^\c(qC')) = qd 2 r 2 + c(F' 2 ) 

for some c(F 2 ) G Z . 

Note that for all n we have Proj(W'(nd)) ~ Proj(^ /W (n)) by prop. 2.4.7] (recall that 

W'{nd) is equivalent to ®™0 W i+nd si ), and Proj(H> /W (n)) ~ Proj(#' (d) )(n) ~ T' 2 {nC) by (SJ 
ch. II, prop. 5.12]. So, 

F°(X,^(nC")) = iJ (X,Proj(W'(nd))). 
Lemma 3.1. (cf. f27[ lemma 3.5]) We have 

H\X,¥mi{W'{nd))) = W' nd . 

Proof. By definition, we have W' nd = W'(nd) C H°(X,Pio}(W'(nd))) . 

Let a € Proj(#'(nd))) , a £ W' nd . Then a = (ai, . . . ,a k ) , where a* G (W^nd))^ , 

and X{ G are generators of the space A d such that x\ = s d , Xj = x^s d (where x^ G A d ) 
and aj = ctj in . . 

We have = di/x ki (where 5j = a' i s kid , G Wk. d+nd ), a i = ai/s fcl and fci > since 
a $l W' nd . Indeed, if a\ G W'(nd)o = W nd , then a = d\ since W' is a torsion free A -module, 
a contradiction. So, we have 

a 'i e w' klJrnd \w' kl+nd _ 1 . 

Then for x\ G A d \A d _\ (such a generator x% exists because all elements from A d _\ C A d 
lie in the ideal that defines the divisor C) we have x'^ 1 G A dki \A dki -\ and therefore a^x'^' G 
VF'fci+dfci+ndV^'fci+dfe.+nd-i • On the other hand, we have the equality dix ki = di.s kl , hence 
a\x' ki = a- , but 

a'i G W'dki+nd C W^+dfei+nd-l) 
a contradiction. So, a G H 7 ^ . □ 
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Now we have that 

H\C,^\c(qC')) D H°(X,rt( q C'))/H\X,T^(q-l)C')). 
By lemma and by definition of the sheaf T 2 we have 

H\X,T' 2 (qC'))/H\X,T' 2 ({q - l)C')) = W' qd /W{ q _ l)d = W qd /W (q „ 1)d . 

So, we obtain c(T 2 ) > dim(W q d/W( q _i\ d ) — qr 2 d 2 . 
On the other hand, for big n we have 

H\C,T' 2 \ c (nC')) = H\X,JF' 2 (nC'))/H\X,JF> 2 {{n - l)C')) = W' nd /W{ n _ l)d C W nd /W {n ^ 1)d 
and dimfc(VF n( i/VF( n _ 1 )^) — nr 2 d 2 = const = I for all n > . Therefore 

c{F' 2 ) = dim H°(C, F' 2 \ c {nC')) - nr 2 d 2 < I. 

Hence c(F 2 ) = I , W^/W,^ = W nd /W( n _i) d for all n > , and consequently W' = W , i.e. 
T = T 2 is a coherent sheaf of rank r on X . □ 

Remark 3.2. The sheaf J- from geometric data of rank r may be not coherent, as the following 
example shows. Let W = (u l t~i \i,j > 0,i — j < 0) and A = k[ut~ 2 ,t~ 2 ] be two subspaces 
in /c[[u]]((t)) • Then it is easy to see that W is not a finitely generated A -module. So, the 
geometric data constructed by these subspaces (see [271 th.3.3]) will contain a quasicoherent, 
but not coherent sheaf J- . 

The coherence of the sheaf C constructed by a ring of partial differential operators in theorem 
12.11 followed from special conditions on the ring (see item 1 of this theorem). These conditions 
may be not true for a general 1 -quasi elliptic strongly admissible ring (see theorem I3.ip even if 
such a ring is a ring of partial differential operators, as the example above shows: indeed, the ring 
A above corresponds to the ring B = k[d 2 ,d\d2\ , see [271 th.3.2]. Nevertheless, the proposition 
above guarantees that for a surface and a divisor satisfying certain geometric conditions the 
sheaf J- must be coherent. 

Now a natural question arises: how are connected the variety X , the divisor C and the 
sheaf C from theorem 12. II fif AimX = 2 ), constructed by a ring of partial differential operators 
from this theorem, and corresponding objects of the geometric data constructed by the same 
ring in theorem 13. 11 / The proposition below gives the answer. 

Proposition 3.2. Let B be a commutative subring of partial differential operators in two vari- 
ables which satisfies the conditions from theorem \2.1\ and from theorem \3.1\ (cf. the beginning of 
this subsection). Then the triple (X, C, C) from theorem \2.1\ is isomorphic to the triple (X, C,F) 
(a part of geometric data) from theorem \3.1\ 

Proof. Recall that the surface and divisor from theorem 13.11 are constructed by the graded ring 
A which is defined by the ring A C k[[ii]]((t)) (cf. definition 13.31 and see proof of theorem 
3.3 in [27j). The ring A and the subspace W are defined by the ring SBS~ 1 and the space 
\VqS~ 1 = DS^ 1 mod (xi, . . . ,x n ) and by change of variables tpi : A = tpi(SBS^ 1 ) , W = 
ipi(WoS~ 1 ) (see section 3.1 and remark 3.2 from [27]), where S is an invertible zeroth order 
pseudo-differential operator defined in \27\ lemma 2.11]. So, there is a natural isomorphism 
a : B A , b i-4 iJji(SbS~ 1 ) which induces an isomorphism B ~ A , whence we have the 
isomorphism of surfaces and divisors. 

Moreover, note that the map ip : L — > W , I i— >■ tpi^S^ 1 mod x\D + . . . + x n D) gives an 
isomorphism between the B -module L and A -module W , because SBS~ l is a subring of 
pseudo-differential operators with constant coefficients, see the proof of theorem 3.2 in [27], and 

<p{lb) = ^(IbS" 1 mod X!D + ...+ x n D) = rpi(lS- 1 (SbS~ 1 ) mod x x D + . . . + x n D) = 

= M 1 ^ 1 mod x x D + ... + XnD^SbS^ 1 ) = <p(l)a(b). 
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So, ip induces an isomorphism of sheaves C and J- , and this isomorphism is compatible with 
the isomorphism of surfaces. □ 



Remark 3.3. The rank of the sheaf J- from geometric data in definition 13.11 may be greater 
than the rank of the data even if the sheaf T is coherent (as it easily follows from the arguments 
of proposition 13. 1\ the rank of T can not be less than the rank of the data). 

For example, consider the ring of PDO B = k[d2,d±d2 + df] . It satisfies the conditions of 
theorem 12.11 This is also a strongly admissible ring in the sense of |27| def. 2.11] and Ng = 1 , 
thus the rank of the corresponding geometric data is one (see \27\ th.3.3]). On the other hand, 
for big m we have dim^ B m ~ m 2 /4 and dim^ L m ~ m 2 /2 (in the notation of theorem 12. ip . 
Therefore, rkJ 7 = 2 ( see the proof of theorem 12. 1H . 

So, in general we have rk T > r , where r is the rank of the data. 

As it follows from propositions above, theorem 12.11 and theorem 13. 1} to find new explicit 
examples of partial differential operators in two variables, it is important to solve the following 
algebro-geometric problem (especially in view of finding new quantum algebraically completely 
integrable systems). 

Problem 3.1. It would be nice to classify (and/or to find a way how to construct) projective 
irreducible surfaces X that have an irreducible ample effective Q-Cartier divisor C not con- 
tained in the singular locus of X , with the self-intersection index (C 2 ) = 1 on X , and such 
that there are coherent sheaves satisfying the conditions of item 6 of definition 13.11 Since any 
unirational curve is a rational curve (by Liiroth's theorem), the curve C has to be a rational 
curve (see item [3] of theorem 12. ip 

3.3 Cohen-Macaulaysation 

In this section we give a construction of Cohen-Macaulaysation of a surface and of a sheaf. 
This construction can be probably considered as one of "folklore results", confer for example 
discussions about Macaulayfication functor in sec. 3] or the Cohen-Macaulay "resolution of 
singularities" in [6]. We decided to include this constructions here because we were not able to 
find an appropriate reference. 

For a Noetherian domain A define 

a= n a p 

htp=l 

to be the intersection of all localizations with respect to prime ideals of height 1. We will 
say that depth(j4) > 1 if the condition (52) from p3J ch. 7, § 17, (17.1)] holds, i.e. it holds 
depth(Ap) > inf(2,ht(p)) for all p € Spec(A) . Then one proves 

Lemma 3.2. Assume dim(j4) > 1 . Then A' = A if and only if depth(A) > 1 . 

Proof. If A' = A , then for any non-zero non-invertible / € A we have (since A is a domain) 

fA= p fA p = p c/ApA), 

ht p=l ht p=l 

and the ideals f ' A p either coincide with A p or are p -primary in the rings A p , since the rings 
A p are Noetherian local rings of dimension one. So, the ideals fA p f] A in A either coincide with 
A or are p -primary in A . Thus, there is a primary decomposition for f A without embedded 
components (cf. [TJ th. 4.10]) and therefore there are non-invertible non-zero divisors in A p / fA p 
for any p D / of height one, because dimA > 1 (cf. [H prop. 4.7]). Hence depth(yl) > 1 . 

Now assume depth(A) > 1 . If x G A! then the set of all elements s £ A such that sx G A 
is an ideal, not contained in any prime ideal of height 1. Since depth(A) > 1 , there is a regular 
sequence (a, b) in this ideal. Since a{xb) — b(xa) = , it follows that xa G aA , thus x £ A . □ 
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Assume A has the following property: 

, . Every prime ideal of height 1 in the normalization of A intersects A in a prime ideal 
( * ) 

of height 1 . 

This property is satisfied for example for domains of finite type over a field or over the integers 
by P prop. 5.6, corol. 5.8, th. 5.10, th. 5.11] and by [H vol. I, ch. V, th. 9]. 

Then for every Noetherian domain B between A and its normalization with depth(S) > 1 
we have that A' is contained in B (since B p D ^4 p nA for any prime ideal p of B of height 
one by (*) and B = B' by lemma I3T2]) . 

Lemma 3.3. Assume dim A > 1 , A satisfies (*) and has the property that its normalization 
is a finite A -module. Then we have 

(i) A' is a finite A -module; 

(ii) depth(^4') > 1 and A' is contained in any subdomain of the normalization which con- 
tains A and has depth greater than one; 

(Hi) for a non-zero f £ A we have A[l/f]' = A'[l/f] . 

Proof. As we have seen above, A' is contained in any subdomain of the normalization which 
contains A and has depth greater than 1. Since the normalization of A is a finite A -module, 
A' is also a finite A -module. To prove that depth(-A') > 1 we can argue as in the proof of 
lemma [321 For any non-zero non-invertible / 6 A' we have 

fA'= f] fA p = f] (fA p f]A% 

htp=l htp=l 

and the ideals fA p either coincide with A p or are p -primary in the rings A p , since the rings 
A p are Noetherian local rings of dimension one. So, the ideals fA p |~| A 1 in A' either coincide 
with A' or are p' -primary in A' , where p' is the prime ideal pA p nA' . Note that ht(p') = 1 . 
Indeed, p' n A = p and ht(p) = 1 . If ht p' > 1 then there is a prime ideal p\ C p' of height 
one such that p\ n A = p (since A' is integral over A , pi n A ^ ) . But then pi = p' by [H 
corol. 5.9]. Thus, there is a primary decomposition for f A' without embedded components and 
therefore there are non-invertible non-zero divisors in AL/ fAL for any p D f of height one, 
because dim A > 1 (cf. [TJ prop. 4.7]). Hence depth(^4') > 1 . 
To prove (iii), first note that A' is the intersection of 

1) all localisations with respect to all prime ideals of height 1 that don't contain / ; 

2) a finite number of localisations with respect to prime ideals of height 1 that contain / . 
Finite intersections and localisations commute, and the localisation of rings in item 2) with 

respect to / is the quotient field Quot A . So, we can omit all these components of the inter- 
section. The rings in item 1) coincide with the localisations of A[l/ f] with respect to the same 
ideals. So, the equality A'[l/f] = A[l/f]' follows. □ 

Remark 3.4. For 2 -dimensional domains the property depth(^4) > 1 is equivalent with the 
property that A is a Cohen-Macaulay ring, see [14} ch. 7, § 17, (17.1)]. 

Now we have the following geometric interpretation of the facts above. Let X be a two- 
dimensional integral scheme which is of finite type over a field or over the integers. Let P(X) 
be the subspace of all points of height 1 with the restricted structure sheaf. Then the direct 
image of the structure sheaf of P(X) under the embedding of P(X) into X is a coherent 
sheaf of algebras on X (since P{X){U) = A 1 for any affine U = Spec ,4). Let CM(X) be the 
relative spectrum over X of this algebra. Then, using lemma 13.31 one obtains: 

(i) CM(X) is an integral schema, finite and birational over X , and CM{X) is a Cohen- 
Macaulay scheme. 
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(ii) Any integral X -scheme Y which is finite and birational over X and which is Cohen- 
Macaulay, admits a unique factorization over CM(X) . 

We will also call the scheme CM(X) as the Cohen- Macaulaysation of the scheme X . 

Remark 3.5. In the same way one can define the Cohen-Macaulaysation of a sheaf. 

In the following let X be an integral surface and T a torsion free coherent sheaf. Let 
i : P(X) — > X be as above. Then one proves with similar arguments as above 

(i) J 7 is a Cohen-Macaulay sheaf if and only if T = i*(J r \p(x)) ■ 

(ii) If T is Cohen-Macaulay, and it : X' — > X is the Cohen-Macaulaysation of X , then T 
has a unique tt^Ox 1 -module structure, so it comes from a Cohen-Macaulay sheaf T' on X' as 

T = TT^' . 

(iii) If X is Cohen-Macaulay, then F y = Homo x (J 7 , Ox) (see, e.g., [3j Lemma 3.1]) is 
Cohen-Macaulay for any torsion free coherent sheaf J- on X . Therefore, we have that 

^C^(7-| P(X) )=:^ / C7- VV 

(because for any open U C X and the natural embedding i : P(U) U we have 

Yiom.o u {u{J : \p i u ) ),O u ) =Yiom.o u {u{J r \p(u),i*{Ou\p(u))) = 

= Rom 0p{u) (i*i*{^\p(U)),C>p {u) ) = Hom 0p((/) (F\p(U), ®P(U)) = Hom 0c/ (.F|[/, Ou), 

and the sheaves J 7 , i*(J F \prx)) are torsion free) and by (i) the sheaf T' is minimal among 
Cohen-Macaulay sheaves Q D J- such that Q jT is a torsion sheaf. 

We will call the sheaf T' as the Cohen-Macaulaysation of the sheaf J- . 

(iv) If Q C J- is a coherent subsheaf of a torsion free coherent CM-sheaf J- then Q is 
Cohen-Macaulay if and only if no primary component of Q is associated to a closed point. 

3.4 Geometric ribbons 

In this section we give a construction of a ribbon and a torsion free sheaf on it (see |llj ) 
determined by the geometric data defined in 13.11 This construction generalizes the constructions 
of ribbons coming from geometric data given in [12]. 

We recall the general definition of ribbon from |llj . 

Let S be a Noetherian base scheme. 

Definition 3.4 ([IT]). A ribbon (C, A) over S is given by the following data. 

1. A flat family of reduced algebraic curves r : C — >• S . 

2. A sheaf A of commutative t~ 1 Os -algebras on C . 

3. A descending sheaf filtration (»4i)?eZ °f A by t~ 1 Os -submodules which satisfies the 
following axioms: 

(a) AiAj C Ai+j , 1 G Ao (thus ^4o is a subring, and for any i G Z the sheaf A% is a 
Ao -submodule); 

(b) ^4o/>4i is the structure sheaf Oc of C ; 

(c) for each i the sheaf Ai/Ai+i (which is a Aq/Ai -module by ([3a]) ) is a coherent 
sheaf on C , flat over S , and for any s £ S the sheaf Ai/Ai+i \c s has no coherent 
subsheaf with finite support, and is isomorphic to Oq s on a dense open set; 

(d) A = lim>4i i and Ai = hm Aj/Aj+j for each i . 
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Let (X,C,P,J-,TT,(j)) be a geometric data from definition 13.11 and J 7 is a coherent sheaf of 
rank r on X (r is not necessary equal to the rank of data). 

Then we can define a ribbon = (C, A) and a torsion free sheaf T on it as follows. Recall 
that subspaces W, A in &[[u]]((i)) are defined by this data (see definition [331) an d X ~ Proj(A) , 
Proj(#) . 

Let's define a family of torsion free coherent sheaves Ai = Proj(A(i)) on X , where A(i)k = 
Ak + i . Then we have A{ C Ai+i ■ Let X^ = (C, Aq) be a formal scheme, the formal completion 
of X along C . Since the functor Ai >->■ v4i is an exact functor (see e.g. [9l Corol.9.8]), we 
have C Ai+i for all i. Obviously, for all i the sheaves Ai+i/Ai ~ ,Ai+i/.4i are torsion 
free on C and Ao/A-i — Oc ■ The multiplication in the ring A induces a multiplication map 
AiAj C Ai+j and hence a multiplication map A\Aj C Aj+j • So, the sheaf „4 = lim ^ defines 
a structure of a ribbon (C, .4.) according to the definition 13.41 Analogously, let's define the sheaf 
W = lim Ti , where J~i = Proj(W (z)) . Obviously, TijTi—\ are torsion free coherent sheaves for 
all i . 

Let's show that M is a torsion free sheaf of rank r on the ribbon (C, ^l) in the sense of 
def. 11] and that the point P is smooth for the sheaf M in the sense of [111 def. 12]. Since 
P is a smooth point on C , we have to check that the map 

(J*ipVi)p ®6 c ,p (AVA'-i)^ — ► (Fi+j/Fi+j-Jp 

induced by the multiplication map J-% ■ Aj C J~i+j is an isomorphism. This will follow from the 
fact that (Ti/Ti-i^p ~ O r c P , (Aj/ Aj-x)p ^ Oc,p ■ From the last facts it follows also that M 
is a torsion free sheaf of rank r (cf. corollary 13. ip . 

To prove the last fact let's note that it is enough to show it (without loss of generality) only 
for the sheaves T% and only for i < . Indeed, if i > , then for n > sufficiently big such 
that i — nd<0 we have T% ®o x ^-nd — ^i-nd , since A- n d is an invertible sheaf corresponding 
to the very ample Cartier divisor —ndC (cf. [27[ lemma 3.3]). 

By corollary 13. ll we have Fq : p ~ O r x p and therefore (^ r o/^ r -i)p — @cp ■ Now by induction 
on — i we have for each % < the following commutative diagram: 

> Fi-i,p > Fi,p > (Ji/7i_i)p > 



► AL 1>P > O r XtP > O r CiP ► 

where A-\ t p c± Ox,p , because A-\ is the ideal sheaf of the cycle C and this sheaf is invertible 
in a neighbourhood of P , the second and the third vertical arrows are isomorphisms defined by 
induction, and the first arrow is the map induced by the second map on the kernels. Hence, it 
must be an isomorphism of Ox,p -modules. 
So, we obtain the following proposition: 

Proposition 3.3. Given a geometric data q = (X,C,P,J-,tt,(J)) from definition \3.1\ where T 
is a coherent sheaf of rank r , we can canonically define a geometric data q consisting of a 
ribbon (C, A) over a field k , a torsion free sheaf J\f of rank r , a smooth k -point P of the 
sheaf J\f , formal local parameters u',t' and a trivialization ep : No t p — > A T P — k[[u',t']] r (cf 
071 def. 14])- So, we have a map 

$ : q\-> q. 

The construction of the data q generalizes the construction of a geometric ribbon given in 
fTJ[ ex. lj. The data q satisfies conditions of fill th.lj. 
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Note that if we start with a data q' = (CM(X),C,P,F,ir,(f>) , where CM(X) is a Cohen- 
Macaulaysation of X (see section \3.3\i . then the data q' = q (because it follows from the 
construction of the data, theorem 13.21 and from results of section 13. 3|) . Remarkably, the following 
is true: 

Proposition 3.4. If q, q' 6 Q r and surfaces X, X' are Cohen- Macaulay, and the data 
(C, A, P,u,t) , (C , A' , P' \u' ,t') constructed by the map <3? from q and q' are isomorphic (cf. 
def.14]), then X is isomorphic to X' . 

Proof. The idea of the proof is to apply arguments from pjJJ th.5,6] to the data (X, dC, P, Ox) , 
(X' ,d'C , P' ,Ox') , where dC , d'C are ample Cartier divisors and P , P' are ample Cartier 
divisors on dC , d'C induced by Cartier divisors P , P' on C ,C and local parameters u , u' 
(cf. lemma 5]). Since the ribbon data are isomorphic, their images under the generalized 
Krichever map coincide (see [HJ th.l]). In this situation the algebras A^(Ox) , A^(Ox') 
coincide (see the proof of [19|. th.6]), therefore the surfaces X, X' defined by these algebras will 
be isomorphic. □ 



3.5 Glueing construction 

As in the one-dimensional case one gets interesting solutions of the KP-equation by algebraic 
curves which are obtained from glueing points (to get cuspidal or nodal curves, with non-trivial 
Jacobians and compactified Jacobians, see |16t I22j). we hope that a similar construction for 
surfaces, starting from P 2 or rational or other surfaces yields examples in our case to solve 
problem 13.11 

We need a construction where we glue curves on a surface, or glue points of a curve on a 
surface. The problem is: given a projective surface X , a one-dimensional closed subscheme Y 
and a surjective finite morphism p : Y — > C to a curve C , find a surface X with a curve 
C C X and a morphism n : X — > X such that n(Y) = C (and n\y is a given morphism p) 
and n : X\Y ~ X\C is an isomorphism. 

In the work [7j is given a construction of glueing closed subschemes on a given scheme. It can 
be done for many schemes with mild conditions, and the construction is a natural generalization 
of the construction for curves given in |23j : 

Theorem 3.3. th.5.4]) Let X' be a scheme, Y' be a closed subscheme in X' and g : 
Y 1 — > Y be a finite morphism. Consider the ringed space X = X' Uy Y (the amalgam) and the 
cocartesian square 

Y' Y 

u 

X' X 

Suppose that the schemes X' and Y satisfy the following property: 
(AF) All finite sets of points are contained in an open affine set. 
Then: 

a) X is a scheme satisfying (AF) ; 

b) the square above is cartesian; 

c) the morphism f is finite and u is a closed embedding; 

d) f induces an isomorphism of X' — Y' on X — Y . 
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Often the schemes after the glueing procedure are proper but not projective (see § 6] 
and also prop. 5.6]). Here we rewrite the construction from [7] for surfaces with some extra 
conditions in another, but equivalent way. 

We will need some more assumptions. The idea is to construct X first as a topological space 
by taking the quotient space with respect to the equivalence relation Ax U (id x p)~ 1 (T p ) in 
X x X (here T p C Y x C is a graph of p ) . Then we have a topological quotient map X — > X , 
but it is not obvious how to make X to a scheme. 

For this we make the assumption that p extends to a morphism p : Xq — > C , where X$ C X 
is a (Zariski) open neighbourhood of Y . 

Without loss of generality we may assume that Xq = X : by replacing X by the closure of 
the graph of p in X x C we can modify X to X — > X such that pa extends to a morphism of 
X to C , this modification is outside of Xq and after the glueing construction one can reverse 
this modification. 

Then, making this topological construction as above, we get a factorization of the underlying 
continue map of p as 

X ► C 




X 



and one should define Ox = p Oc + n*Iy (ly dO x ideal sheaf of Y ). 

Description with affine covering: for each c € C there exists an affine neighbourhood V C C 
and an affine neighbourhood U of p~ l (c) in X such that U n Y = p^iV) n Y (first: take any 
affine neighbourhood U of p~ 1 (c) , then Y\U is closed and F = p(Y\U) is closed in C and 
disjoint to c. Then we take V C C\F an affine neighbourhood of c, and U = U C\p~ l {V) ). 
Then the diagram of maps 

U > V 




unY 

corresponds to homomorphisms of coordinate rings 

A < R 




A/I 

and we define A = R + 1 C A . We have to prove that A is a finitely generated R -algebra (and 
Spec(A) C X as a topological space). 

Lemma 3.4. Let R C A be finitely generated domains over a field k of Krull dimension 1 and 
2, I an ideal in A such that R C A/I is finite. Then A = R + 1 C A is finitely generated and 
A is finite over A . 

Proof. We can find /i, ji £ A such that 

1) A is finite over E = k[f±, f%] ; 

2) fx el (see ch.V, §3, th.l]). 

Since A/I is finite over R, there exist cti,...,afc G A such that /| + ai/^ -1 + ... + 
ak = b e I ; hence if Aq = k[f±, a\, . . . , Ofe, b] then Aq C R + I and ^4 is finite over ^4o 
( Aq C A)[/2] Ci), therefore ^4 = i? + / is finitely generated over k . □ 
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So, A is a (partial) normalization and / is the conductor from A to A . One checks easily 
that 

1) 14l is universally closed; 

2) X is separated: 

(1) ~ (2) 

X x X > X x X > X x X 



-> A 



A 

Since (1) and (2) are closed maps and T n , , A are locally closed, then the maps /3,7 are closed 
embeddings. 

So, the map n is proper, and X is a separated scheme of finite type over k . Since n is 
also finite surjective and X is proper over k , it follows that the structure map X — > Spec k is 
universally closed, hence X is a proper over k scheme. 

Having this construction and general theorem 13.31 we can give examples: 



Example 3.1. Consider X = P with a morphism p : X — (0:0:1)— > C = ¥ , p(x : y : z) = 
(x : y) and two lines Y = 2P 1 , where P 1 = (x : y : 0) in P 2 . Clearly, F is an ample Cartier 
divisor on X . 

In this case a Cartier divisor C on the glued surface X is defined which is given by the same 
equations in the induced local covering (so, Y = n*C ). Since Y is an ample divisor and n is a 
finite surjective morphism of proper schemes, the divisor C is also ample (see [HI ex.5. 7., ch. 3]). 
Therefore, X is projective, and the cycle map from section [J] gives Z(C) = 2C . So, C is an 
ample Q -Cartier divisor on X . 

Example 3.2. Let X' be a projective surface over k , let Y' be a finite number of closed 
points on X' . Let Y = Spec k be a point and g : Y' — >• Y a finite morphism. Then the scheme 
X constructed as in theorem 13.31 is proper over k (see e.g. [71 6.1]) and is projective by the 
same arguments as in the previous example. 



4 Appendix: cycle map 

For reader's convenience, we'll give below some facts about the cycle map for singular projective 
surfaces (cf. §2.1]). 

Let X be a projective irreducible n -dimensional variety over a field k. Let Div(X) be a 
group of Cartier divisors (equal to H°(X, k(X)* /O x )). Thus, a divisor D is given by data 
(U a ,f a ) , where f a G k(X)* , {U a } is an open covering of X , and f a / fp £ 0^(^,3) . 

If C C X is an irreducible closed subvariety of codimension 1 , define the order 

ordc(D) = i 0x c (±O x ,c/Ox,c n — O x ,c) ~ lo x , c (Ox,c/Ox,c n }ox, c ), 

where Zo x c denotes the length of a Ox,c -module, and a is chosen so that C meet U a (the 
choice is irrelevant for the definition of order (D) ). 

Set the cycle corresponding to a divisor D 6 Div(X) as 

Z(D) = oidc(D) C. 

codim 0=1 

So, we have a homomorphism Z : Div(X) — > Z 1 (X) to the group of cycles of codimension 
one on X (which is the free abelian group generated by all irreducible subvarieties of codimension 
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1 on X ). The group Z 1 (X) is also called the group of Weil divisors on X and is denoted also 
by WDiv(X) . Let's compute the kernel of the homomorphism Z . 

If R is a one-dimensional local domain and g G Quot(-R) , then we have to compute 

L g = l R {R/R n gR) - l R (gR/R n gR), 

which can be also expressed as follows. If we choose an element a G R such that ag = b G R , 
then 

L g = l R {aR/aR n bR) - l R (bR/aR n bR) = 

= l R {R/aR n bR) - l R (R/aR) - {l R (R/aR n bR) - l R {R/bR)) = l R {R/bR) - l R {R/aR). 

One checks that if R C R C Quot(-R) , and if R is a finitely generated R -module, then 

L g = l R (R/bR) - l R (R/aR) = l R (R/bR) - l R (R/aR). 

If R is the integral closure of R , then one sees that L g = if and only if b/a = g G R* . Thus 

Ker(Div(X) A Z 1 (X)) = R^(X^^OyO\) ~ Ker(Pic(X) A Pic(X)), 

where is the normalization of X . (We used an exact sequence of sheaves on X : 

o^o* x ^ 7r*e>^ — > 7T*oy(^ — > o, 

and the fact from |14} Th. 38]: if A is an integrally closed Noetherian domain, then 
A = P| A v , where the intersection is taken over all prime ideals of height one.) 
ht v=l 

One can define the semigroup of effective Cartier divisors Div + (X) C Div(X) (given by 
data (U a , f a ) , where f a G Ox(U a ) n k(X)*), and the semigroup of effective Weil divisors 
WDiv + (X) C WDiv(X) (given by the formal finite sums of cycles of codimension one with 
positive integer coefficients). It is easy to see that Z(Div + (X)) C WDiv + (X) . Moreover, from 
the above description of the map Z it follows that Z | D j v +pn is an injective map. 

References 

[1] Atiyah M., Macdonald I., Introduction to Commutative algebra, Addison- Wesley, Reading, 
Mass., 1969. 

[2] Bourbaki N., Algebre Commutative, Elements de Math. 27,28,30,31, Hermann, Paris, 1961- 
1965. 

[3] Burban I., Drozd Y., Maximal Cohen- Macaulay modules over surface singularities, Trends 
in representation theory of algebras and related topics, 101-166, EMS Ser. Congr. Rep., 
Eur. Math. Soc, Zurich, 2008. 

[4] Chalykh O., Algebro- geometric Schrodinger operators in many dimensions, Philos. Trans. 
R. Soc. Lond., Ser. A, Math. Phys. Eng. Sci. 366, No. 1867, 947-971 (2008). 

[5] Grothendieck A., Dieudonne J. A., Elements de geometrie algebrique II, Publ. Math. 
I.H.E.S., 8 (1961). 

[6] Faltings G., Uber Macaulay fizierung, Math.Ann. 238, 175-192 (1978) 

[7] Ferrand D., Conducteur, descente et pincement, Bull. Soc. math. France, 131 (4), 2003, 
p.553-585. 



23 



[8] Fulton W. Intersection theory, Springer, Berlin-Heilderberg-New York 1998. 

[9] Hartshorne R., Algebraic geometry, Springer, New York-Berlin-Heilderberg 1977. 

[10] Krichever I.M., Methods of algebraic geometry in the theory of nonlinear equations, Russ. 
Math. Surveys 32 (1977) 

[11] Kurke H., Osipov D., Zheglov A., Formal punctured ribbons and two-dimensional local fields, 
Journal fur die reine und angewandte Mathematik (Crelles Journal), Volume 2009, Issue 
629, Pages 133 - 170; 

[12] Kurke H., Osipov D., Zheglov A., Formal groups arising from formal punctured ribbons, 
Int. J. of Math., 06 (2010), 755-797 

[13] Lasarsfeld R., Positivity in algebraic geometry I, Ergebnisse der Mathematik, vol. 48, 
Springer- Verlag, Heidelberg, 2004. 

[14] Matsumura H., Commutative algebra, W.A. Benjamin Co., New York, 1970. 

[15] Mulase M., Algebraic theory of the KP equations, Perspectives in Mathematical Physics, 
R.Penner and SYau, Editors, (1994), 151-218 

[16] Mumford D., Tata lectures on Theta II, Birkhauser, Boston, 1984 

[17] Mironov A.E., Commutative rings of differential operators corresponding to multidimen- 
sional algebraic varieties, Siberian Math. J., 43 (2002) 888-898 

[18] Nakayashiki A., Commuting partial differential operators and vector bundles over Abelian 
varieties, Amer. J. Math. 116, (1994), 65-100. 

[19] Osipov D.V., The Krichever correspondence for algebraic varieties (Russian), Izv. Ross. 
Akad. Nauk Ser. Mat. 65, 5 (2001), 91-128; English translation in Izv. Math. 65, 5 (2001), 
941-975. 

[20] Parshin A. N., On a ring of formal pseudo- differential operators. (Russian) Tr. Mat. Inst. 
Steklova 224 (1999), Algebra. Topol. Differ. Uravn. i ikh Prilozh., 291-305; translation in 
Proc. Steklov Inst. Math. 1999, no. 1 (224), 266-280. 

[21] Parshin A. N., Integrable systems and local fields, Commun. Algebra, 29 (2001), no. 9, 
4157-4181. 

[22] Segal G., Wilson G., Loop Groups and Equations of KdV Type, Publ. Math. IHES, n. 61, 
1985, pp. 5-65. 

[23] Serre J. -P., Croupes algebriques et corps de classes, Hermann, Paris, 1959. 
[24] Zariski O., Samuel P., Commutative algebra, Springer, 1975. 

[25] Zheglov A.B., Two dimensional KP systems and their solvability, e-print 
|arXiv:math-ph/0503067| y2. 

[26] Zheglov A.B., Mironov A.E., Baker- Akhieser modules, Krichever sheaves and commutative 
rings of partial differential operators, Fareast Math. J., Vol. 12 (1), 2012 (in Russian) 

[27] Zheglov A.B., On rings of commuting partial differential operators, e-print arXiv:math- 
ag/1106.0765v3 



24 



H. Kurke, Humboldt University of Berlin, department of mathematics, faculty of mathematics 
and natural sciences II, Unter den Linden 6, D-10099, Berlin, Germany 
e-mail: kurke@mathematik.hu — berlin.de 

D. Osipov, Steklov Mathematical Institute, algebra department, Gubkina str. 8, Moscow, 119991, 
Russia 

e-mail: d-Osipov@mi.ras.ru 

A. Zheglov, Lomonosov Moscow State University, faculty of mechanics and mathematics, depart- 
ment of differential geometry and applications, Leninskie gory, GSP, Moscow, 119899, Russia 
e-mail azheglov@mech.math.msu.su 



25 



